Based on small amplitude water theory we determine an exact solution for the amplitude of the reflected and transmitted waves produced when a monochromatic wave passes one and two submerged bars, a result of importance in coastal engineering. The optimal width and the distance between two bars are determined, in order to obtain the smallest amplitude of the transmitted wave.
Introduction
In this paper, we examine the propagation of monochromatic wave over one and two submerged bars. In particular we determine the reflection and transmission coefficient as a function of the depth and width of the bar, and the distance between two bars. The effect of the bars is to reduce the amplitude of the incident wave, so that such bars, either artificial or natural, are of importance in coastal engineering.
The change of the water depth, from deep to shallower, affects the waves by increasing its amplitude, and the other way around. A bar, submerged beneath water surface, is typical change of depth in a channel. It is often seen as practical application in coastal and ocean engineering, such as beach protector from waves, since it can reduce the wave amplitude. The incoming wave is partly reflected when they pass over the bar. The percentages of the reflected and transmitted waves depend on the dimension of the bar. Moreover, another bar, behind the first bar, can be considered to further reduce the amplitude of the wave. The distance between those two bars is another parameter that is involved in our calculation, such that we obtain the minimum amplitude of the transmitted wave.
In order to answer the objective, we use the potential function and the dispersion relation derived by Wiryanto [5] , from a boundary value problem of Laplace equation, and it is solved by variable separation method. Based on the derivation, the optimal width of a bar, giving the minimum amplitude of the transmitted wave, is obtained numerically. This result confirms the analitical result in [2] , and also confirms the result obtained by Pudjaprasetya and Chendra [4] , who calculate the optimal width numerically from shallow water equations. Since the equations correspond to the linearized dispersion relation, the optimal width in [4] is less accurate and slightly diferent with the result in [5] , using the exact dispersion relation. Another approach in evaluating the transmitted waves was provided by Groesen and Andonowati [1] , who show similarity between optic and water waves based on the same model. Meanwhile, Yu and Mei [6] studied waves over a bar by including the effect of the reflection from beach. Other references can be found by reading the review paper [3] .
In improving the result from one bar, we propose in this paper by adding another bar, and we determine the optimal distance between those two bars, so that the transmitted waves have minimum amplitude. The potential function and dispersion relation derived by Wiryanto [5] are first reviewed, and we recalculate the transmitted waves for one bar. These waves can be considered as incoming waves of another bar, and after passing that bar, based on the result in Wiryanto [5] , we shall obtain the transmitted waves with amplitude that is square of the amplitude of the previous transmitted waves. This idea was also used in [4] , to predict the amplitude of the transmitted waves for two bars. When we calculate the transmitted amplitude by involving the distance between two bars, as a parameter, we obtain the optimal distance, giving the minimum transmitted amplitude. This value is different with our previous calculation, similar to the result in [4] .
Monochromatic wave
The problem formulated here is propagation of water wave. We use Cartesian as the coordinates, the x − axis is chosen along the undisturbed level of the water surface, and the y − axis is perpendicular to the x − axis. The bottom channel is flat, with water depth h . Monochromatic wave propagates on the surface of the water in form of ( ) ( ) 
Where a is amplitude, k is wavenumber, w is frequency, and 1 i = − . The wave travels to the right.
Monochromatic wave over one and two bars
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The relation between k and w is obtained by solving potential function
Subject to the linearized conditions 0
on the surface 0 y = , and 0
on the bottom y h = − . Here g is the acceleration of gravity.
Following Wiryanto [5] , variable separation method is applied to the boundary value problem (2)- (4), by expresing
Therefore, we obtain
as the dispersion relation. The wave number k of the monochromatic wave is related to the water depth. This quantity changes when the wave travels passing over a bar. This is followed by changing of the wave amplitude. We observe the propagation of the wave over one and two bars. Moreover, we can also calculate the flux of water at the cross section 0 x , by integrating the horizontal velocity, defined
We need this formula later in calculating the flux for different water depth, at the edges of the bar the flux must be continue.
Optimal width of a bar
The reflected and transmitted waves from an incoming wave are observed in this section. A bar, having height d and width L , is submerged beneath the water surface of water depth h , illustrated in Figure 1 . The incoming wave travels on the surface of depth h , having wave number 1 k , satisfying (8), and amplitude a . Since the bar is on the bottom of the channel at 0 x L < < , part of the incoming wave is reflected with amplitude r a in different direction, expressed by giving different sign at the exponent, so that both waves interact at 0 x < , having the same wave number. Similarly at the region 0 x L < < , the transmitted wave with amplitude t b and wave number 2 k , caused by the change of the depth at 0 x = , interacts with the reflected wave from the change of depth at x L = , having amplitude r b and the same wave number 2 k . For the region x L > , there is only transmitted wave with amplitude t c and wave number 3 k , that is the same as 1 k if the water has the same depth at the region 0 x < . After calculating the wave number for each region, the system of equation (11) Figure 2 . We then call the first value of L as the optimal width, denoted by opt L . The profile of the plot confims to the result in [2] and [4] . For another bar height, we calculate the amplitudes using 2. 
Optimal distance between two bars
When two bars are on the bottom of a channel, the transmitted wave passing over those bars can be calculated similarly as presented in the previous section. The optimal distance between two bars are observed, so that we obtain the minimum amplitude of the transmitted wave. If the two bars are placed side by side without distance, the transmitted wave has amplitude which is not smallest, as we can see from the plot in Figure 2 . On the other hand, we assume the distance between those two bars is relatively far. The transmitted wave of the first bar has amplitude t c , proportional to the incoming amplitude a , namely t c a α = . This wave can be considered as the incoming wave for the second bar, so that after passing through the second bar, the wave has amplitude 2 a α , for the same width of the first bar. Since α is less than 1, two bars can more reduce the amplitude. However, the effect of the distance between two bars is our concern in this section.
Figure 3
Sketch of wave propagating over two submerged bars.
In describing the problem, we divide the water region into 5 sub regions, and the surface elevation is written as The wave amplitude is then determined by examining the contiuity of the elevation and flux at the edges of the bar, at the continuity of flux 
This system of equations is then solved to obtain , , , , , , , We examine the above formulation to observe the effect of the distance between two bars to the transmitted wave. From our previous calulation, for 10, 2 g w = = , water depth 1 3.5 h = (also 3 5 , h h ), and bar height
1.5 h h = = ), we obtain the optimal width 2.74
We then extend the model for two bars with that width, but various distance S . For 2 S = , the wave amplitude after passing two bars is 0.9173
Here, we compare the amplitude with respect to the incoming amplitude a . For smaller distance S , we obtain larger ratio number / t e a, and the transmitted wave has the same amplitude to the incoming amplitude at 0 S = . This agrees with our result for one bar, with bar width
For larger distance from 2 S = , the ratio number of the amplitude decreases by increasing the distance, until at 3.58 S = corresponding to 0.8713 t e a = , as the minimum amplitude of the transmitted wave. This number is smaller than our calculation using assumption very far distance, giving 0.9742 t e a = . Plot between S and / t e a is shown in Figure 4 , which indicates the periodicity the curve. The next optimal distance can be obtained at 10.72 S = .
Figure 4
Plot of the transmitted amplutude / t e a versus the distance between two bars S , for 10, 2 g w = = , water depth 1 3.5 h = (also 3 5 , h h ); and the bar height 
Conclusions
An analytical solution of wave propagation passing over one and two bars has been obtained using variable separation of potential function for monochromatic type wave. The optimal dimension of the bar and the optimal distance between two bars, that gives the minimum amplitude of the transmitted wave, is obtained numerically as the wave number has to be calculated from nonlinear dispersion relation, and to reduce the complexity of the formula.
